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A NOTE ON STARSHAPED COMPACT HYPERSURFACES WITH 
PRESCRIBED SCALAR CURVATURE IN SPACE FORMS 

JOEL SPRUCK AND LING XIAO 


Abstract. In [7], Guan, Ren and Wang obtained a C 2 a priori estimate for 
admissible 2-convex hypersurfaces satisfying the Weingarten curvature equation 
<J 2 (k{X)) = f(X,v(X)). In this note, we give a simpler proof of this result, and 
extend it to space forms. 


1. Introduction 

In [7], Guan, Ren and Wang solved the long standing problem of obtaining global 
C 2 estimates for a closed convex hypersurface M C M n+1 of prescribed kth elementary 
symmetric function of curvature in general form: 

(1.1) a k (K(X)) = /(X, u{X)), VX e M. 

In the case k = 2 of scalar curvature, they were able to prove the estimate for strictly 
starshaped 2-convex hypersurfaces. Their proof relies on new test curvature functions 
and elaborate analytic arguments to overcome the difficulties caused by allowing / to 
depend of v. 

In this note, we give a simpler proof for the scalar curvature case and we extend 
the result to space forms N n+1 (K), with K = —1,0,1. Our main result is stated in 
Theorem 12.11 of section [2] and leads to the existence Theorem 13.31 For related results 
in the literature see 0 , 0, [2] and 0 . 

2. Prescribed scalar curvature 

Let N n+1 (K) be a space form of sectional curvature K = —1, 0, and +1. Let 
g A ' := ds 2 denote the Riemannian metric of N n+1 (K). In Euclidean space M n+1 , fix 
the origin O and let S> n denote the unit sphere centered at O. Suppose that (z,p) 
are spherical coordinates in M n+1 , where z G § n . The standard metric on S n induced 
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from M” +1 is denoted by dz 2 . Let a be constant, 0 < a < oo, / = [0, a), and cp(p) a 
positive function on I. Then the new metric 

(2.1) g N := ds 2 = dp 2 + (f) 2 {p)dz 2 . 

on M" +1 is a model of N n+1 which is Euclidean space M n+1 if 0(p) = p, a = oo, the unit 
sphere § n+1 if 0(p) = sin(p), a = tt/2 and hyperbolic space H n+1 if cp(p) = sinh(p), 
a = oo. 

We recall some formulas for the induced metric, normal, and second fundamental 
form on A4 (see ®)- We will denote by V' the covariant derivatives with respect to 
the standard spherical metric e ij} and by V the covariant derivatives with respect to 
some local orthonormal frame on AT Then we have 

( 2 - 2 ) 9ij = + PiPji 9 1J = ~ 02 + |V'/9| 2 ) ’ 

v / ^W’ 

and 

{2A) K = ^ WW (~ %P + + ' 

Consider the vector field V = 4>{p)-§^ in N n+1 (K), and define <3>(p) = J p (fi(r)dr. 
Then, u := (V, v) is the support function. By a straight forward calculation we have 
the following equations (see [5] lemma 2.2 and lemma 2.6). 

(2.5) V,/I> = (p'fjij - uhij, 

(2.6) Wiu = g kl h ik X7i$, 
and 

(2.7) VijU = g kl S7khijWi<& + (j)'h i:j - ug kl h ik hji. 

Now let Tfc be the connected component of {A G M n : a k ( A) > 0}, where 

— 'y ^ Aj x • • • A i k 

H<*2 <—<ik 

is the k-th mean curvature. M. := {(^,p(^)) : z G S n } is an embedded hypersurface 
in N n+1 . We call p k-admissible if the principal curvatures (Ai(p(z)),..., A n (p(z))) of 
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M belong to IV Our problem is to study a smooth positive 2 -admissible function p 
on satisfying 

(2.8) 02(A(6)) = 

where b = {%} = {Y k h k a lj }, {hij} is the second fundamental form of A4, and is 
a Jg- 1 . Equivalently, we study the solution of the following equation 

(2.9) F(b) =(;) ff 2 (A(t )) 1/2 = /(A(fey)) = V>(C v). 

Now we are ready to state and prove our main result. 


Theorem 2.1. Suppose JA = {(z, p(z )) | z G § n } C N n+1 is a closed 2-convex hy¬ 
persurface which is strictly starshaped with respect to the origin and satisfies equation 
(12. 9|) for some positive function ip(V, u) G C 2 (r), where V is an open neighborhood 
of the unit normal bundle of Ai in N n+1 x § n . Suppose also we have uniform control 
0 < R\ < p(z) < R 2 < a, |p|ci < -R 3 . Then there is a constant C depending only on 
n, Ri, R 2l R 3 and \fj\c 2 , such that 

(2.10) max I k j (z) I < C. 

26 S" 


Proof. Since 07 (ft) > 0 on At, it suffices to estimate from above, the largest principal 
curvature of Ai. Consider 

K max 

0 = max e - , 

xeM u — a 

where u > 2a and fi is a large constant to be chosen (we will always assume 
+ K > 0). Then M 0 is achieved at x 0 = (zq, p(zq)) and we may choose a local 
orthonormal frame ei,..., e n around x 0 such that /iy(x 0 ) = where Ki,... ,K n 

are the principal curvatures of E at x 0 . We may assume K\ = K max ( x o)- Thus at 
x 0 , log/in — log {u — a) + /3& has a local maximum. Therefore, 


( 2 . 11 ) 


V jh 
h 


u — a 


+ 


and 

( 2 . 12 ) 


0 > 


V a h 


ail'll 


h 


11 


Vi/i 


11 


h 


11 




+ 


U 




u 


+ /3*&u- 


By the Gauss and Codazzi equations, we have V k hij = V jh ik and 


(2.13) Vn ha — S/ahii + huh^ — hlfiha + K (huduSu — huSa + ha — hu 8 u). 
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Therefore, 

(2.14) 

F"Vnh u = F“v«hn + Ki ^ f lK f - K? f,K, + K (- Kl E }, + E /X ) 

= ^2 fiViihll + Kl 22 fi K ! - + K f fj + 1 

z i \ i / 

Covariantly differentiating equation (12.9ft twice yields 

(2.15) F n hi ik = $ v {V ek V) + h ks ^ u (e s ) 
so that 

(246) lE fihiis^s | E C(1 + Ki) 

i 

and 

+ F^ kl hijl h ka = Vn(V’) > -C(l + k 2 ) + W„(e a ) 

> -(7(1 + k 2 + /3ki) (using (j2. IIP ). 

Combining (EH and (EH and using (EH ^,(12^,(1211},(TO , (EH , (EH 


(2.17) 


gives 


0 > ^ {-(7(1 + k\ + /3«i) - F^ ,kl VihijVih kl - «i ^ ^ - ^(-«q ^ + 


Kl 

1 


> -C'(k 1 + /3) - —F i:i ’ kl VihijVih k i + ° 


Ki 


u — a 


[V^| 2 

u — a 

E + («-'+ K ) E * 


- V/jlv.Anl 2 - V„4', - m 2 + AJ + V - «/W + W'E/i 

^ U (X (XX (X) 




In other words, 
(2.18) 


(n — a) 2 
1 


0 > -C(k, - -I) - — pvMy-JiijV\h k i +-V /*k 2 

Ki u — a 

+ (/V + Ji) J2fi-^J2 /*l v ^n| 2 + ^(i-i)2- 


By (12.111) we have for any e > 0, 

(2.1.9) T E /ii v .' ! n r < (i +1- 1 )/? 2 E /<! Vi 4 > i 2 + t)tH E /■! v - 


■ul 2 . 


(u — a) 
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Using this in (12.18ft we obtain 

, . 0 > -C{ Kl + P)~ -F^V^-V 1 h kl + (-?— - Ce) V f 

(2.20) «i u a ^ J 

+ + K — C/3 2 { 1 + e- 1 )^ , 

where T = fi ■ Now we divide the remainder of the proof into two cases. 

Case A. Assume K n < In this case, equation (I2.20P implies (here e is small 

controlled multiple of a and we use f n > f t which holds by concavity of /) 

(2.21) 0 > -C( Kl + f* K i ~ C ^ T ^ ~ C ^ + ^ + (^i - °P 2 ) T 

Since T > 1 by the concavity of /, equation (\2.21ti implies K\ < C/3 at x 0 . 

Case B. Assume n n > — Let us partition {1, • • • , n} into 2 parts, 

I = {j ■ fj < n2 fi} and J = {j : fj > n 2 f\}. 


For j e /, we have (by (12.111) ) for any e > 0 


( 2 . 22 ) 


V j,u\ 


—/j|Vjhn| 2 < (1 + e) ^ fi~ - — + C( 1 + e l )(3 2 fi. 

[ZL CL) 


Inserting this into equation (12.181) gives (for e a small controlled multiple of a 2 ) 


0 > -C(/m + (3) - —/•■'U' / v, //,/V ]///,/ + ^ V /pc 2 + (/V + K ) V f 

AC i ZZ * 


(2.23) 


«i 




iGJ 


Now we use an inequality due to Andrews [Ij and Gerhardt 


Ki Kj — Ki 




(2.24) 


> 


E Jj 

AC i 


fj ~ h 


V;h 


K] JCi Kl ~ ^ 

— TU E 

K ' je.J 


j u nl 


We now insert (12.241) into (12.23ft to obtain 

(2.25) 0 > -C(ni +P) + ^J2 + W + /f ) E A - CP/i- 
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(n — l)(Ji ^ Ki 


n—1 


K1 


Ki 


Since n n > —~K\ we have that 

Vf.= 

2(2)^ n ft n2 ft 

We also note that on Ai, ft is bounded below by a positive controlled constant so 
we may assume /3ft + K is large. Therefore from (I2.25ji we obtain 


(2.26) 


0 > - c)«, - cp + (M? - cy? 2 )/,. 


We now fix /3 large enough that > 2C* which implies a uniform upper bound 

for at x 0 . By the definition of Mo we then obtain a uniform upper bound for K max 
on At which implies a uniform upper and lower bound for the principle curvatures. 

□ 


3. Lower order estimates 

In this section, we obtain C° and C 1 estimates for the more general equation: 

(3.1) aftn) = ft{V ., z/), 

where k = 1, • • • , n. 

3.1. C° estimates. The C^-estimates were proved in [2] but for the reader’s conve¬ 
nience we include the simple proof. 

Lemma 3.1. Let 1 < k < n and let ft € C 2 (N n+1 x § n ) be a positive function. 

Suppose there exist two numbers Ri and R 2 , 0< Ri < R 2 < a, such that 

(3-2) ft (V, > aft 1, • • • , 1 )q k (p),p = R u 

(3-3) ft (v, < aft 1, • • • , l)q k (p),p = R 2 , 

where q(p) — 1^). Let p e C 2 (S n ) be a solution of equation (13.ip . Then 


R\ S p S R-2- 
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Proof. Suppose that max 2e §n p(z) = p(zq) > -R 2 . Then at zq, 

(f 3 = 0 _ V J , hij = -Vhp + ff'eij > ffeij.bij > g(p)% . 

Hence if(V, v)(zq) = cr k (bij)(z 0 ) > g fc (i? 2 Vfc( 1, - - -, 1), contradicting fj3.3jl . The proof 
of (13.2p is similar. □ 

3.2. C 1 estimates. In this section, we follow the idea of [3] and [ 6 j to derive C 1 
estimates for the height function p. In other words, we are looking for a lower bound 
for the support function u. First, we need the following technical assumption: for any 
fixed unit vector u, 

(3.4) ^(0(p)V(V, v)) < 0, where \V\ = <f>(p). 

Lemma 3.2. Let M be a radial graph in N n+l satisfying (l3.ljUI3.4K and let p be 
the height function of M. If p has positive upper and lower bounds, then there is a 
constant C depending on the minimum and maximum values of p, such that 

|v P | < c. 


Proof. Consider h = — log u + 7 ($(p)) and suppose h achieves it’s maximum at z 0 . 
We will show that for a suitable choice of 7 (t), u(z 0 ) = |H(^ 0 )|, that is V(z 0 ) = 
\V(zo)\u(zo), which implies a uniform lower bound for u on M. If not, we can choose 
a local orthonormal frame {ei, • • • , e n } on M such that (V, e 1 ) 7 ^ 0, and (V, ef) = 
0, i > 2. Then at zq we have, 

— 11 ' 

(3.5) hi = — + 7 'Vi$ = 0, 

u 


(3.6) 


0 >K = — +(-) 2 + yv«$ + 7"(V,:<I>) 2 

u V u J 

= — + <j>%i - uhl) + [(V) 2 + 7"](V^) 2 + 7 '(f'gu 

u 


Equation (13. 5 p gives 


hauj. 


(3.7) hu = tr/, hn = 0, i > 2 

so we may rotate {e 2 , • • • , e n } so that hij(z 0 , p(z 0 ) is diagonal. Hence, 

0 > — (a k haiVi® + (ffk'f — uaf lilf) 
u v 7 

+ l(7') 2 + 7"](Vi'i > ) 2 ff 11 -him) 


(3.8) 
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Differentiating equation (13.11) with respect to e\ we obtain 
(3.9) CTkhai = d v ^(\/ ei V) + hn^(ei). 

Substituting equation (13.91) and (13.7[) into (13.81) yields 


0 > —[(V, ei) d v ^>(S7 ei V) + wy' ( V., e x ) d u ^(e 1 ) + kq !>V] 
u 

+ °k h l + [(V) 2 + 7"] (V, ei) 2 al 1 + yV'cx^ - fcuyV 

(3.10) 

= — [<V, ei ) d v ^(V ei V) + 

'LL 

+ [(V ) 2 + 7"] (V, ei) 2 al 1 + a k ~ u l'^ ~ V (V, ei) d„^(ei). 

Our assumption (13.41) is equivalent to 


(3.11) 


*y‘-yv+^(?y(v»<o, 

ap 


or 


(3.12) k4>ip + d v V’(V, p) < 0. 

Since at z 0 , b" = (V, ei) ei + (V, z/) u 

(3.13) dW>(V, z/) = (V, ei ) d y ^(V ei D) + (V, n) d y ^(V,D). 

Therefore, 

^ ^ 0 > ^4 + [( 7 O 2 + l"] (b 7 , ei) 2 0*. 1 + yV ^ 

- uyV - y' (V, ei) dp0(e 1) + d v ^{\7 v V) 

Now let 7(f) = y, where a > 0 is sufficiently large. Since h u < 0 at Zq, and 
cr^ = (n — k + l)cr fc _i, we have that 

(3.15) al 1 = t7 fc _i(K|Ki) > a fc _i > a^~ = . 

Therefore 

(3.16) [(y') 2 + 7"] (V, ei) 2 c^ 1 + a%hl + y'0' ^ o£ > Ca 2 al\ 

for some C depending on |p| c o. 

We conclude that 

(3.17) 0 > Ca 2 ^ - a|y||d I/ V>(e 1 )| - |d y ^(V,D)|, 


which leads to a contradiction when a is large. Therefore at zq we have u = \V\, 
which completes the proof. □ 
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By a standard continuity argument (see PJ), we can prove the following theorem. 

Theorem 3.3. Suppose G C 2 (B r2 \B ri x § n ) satisfies conditions (13.2p . (j3.3[) . and 
(13.4p . Then there exists a unique C 3 ’ a starshaped solution Af satisfying equation 

(JZED. 
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